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Self-consistent dynamical approximations for strongly correlated fermion systems are particularly
successful in capturing the dynamical competition of local correlations. In these, the effect of
spatially extended degrees of freedom is usually only taken into account in a mean field fashion or
as a secondary effect. As a result, critical exponents associated with phase transitions have mean
field character. Here, we demonstrate that diagrammatic multi-scale methods anchored around local
approximations are indeed capable of capturing the non mean-field nature of the critical point of
the lattice model encoded in a non-vanishing anomalous dimension, and to correctly describe the
transition to mean field like behavior as the number of spatial dimensions increases.
PACS numbers: 71.27.+a, 75.10.Jm, 71.10.Fd
Lattice models of correlated fermions appear in a
wide variety of physical systems, from condensed mat-
ter, where they are used to study low-energy models of,
e.g., transition metals and intermetallic rare earth and
actinide compounds, to quantum chemistry and quan-
tum chromodynamics. Many of these systems exhibit a
plethora of phases that arise out of the dynamic competi-
tion of the underlying degrees of freedom. Understanding
the possible orders that characterize these phases and the
various ways they can disappear is of primary interest in
current many-body physics.
The universal theory for the continuous melting of or-
der at finite temperature applies to the ‘scaling’ regime
in the immediate vicinity of the transition temperature
Tc. Relating it to microscopic models of lattice fermions
requires knowledge of the underlying universality class.
Even for classical systems, identifying this universality
class is difficult and relies, in general, on numerical tech-
niques. The main difficulty lies in the divergence of scales
as Tc is approached. Large systems paired with a care-
ful finite size analysis are needed and a finite size ansatz
and cluster updates or similar techniques are required
to overcome the concomitant critical slowing down. For
quantum systems, such analyses can be done on bosonic
and spin systems [1, 2] where lattice Monte Carlo and
series expansion techniques allow access to large enough
systems to perform a reliable finite size scaling.
The situation for correlated fermionic lattice systems
important to condensed matter is different. Analytical
solutions only exist for very special setups or weak and
strong coupling limits. Semi-analytical infinite partial
summation techniques [3] can be applied but are in gen-
eral uncontrolled. Approximate numerical approaches
(among them the dynamical mean field theory (DMFT)
[4], which does not include any non-local correlations),
are known to yield inaccurate critical behavior in two
and three dimensions [5, 6]. Similarly, large-scale numer-
ical efforts, e.g. diagonalization, lattice quantum Monte
Carlo, or large diagrammatic simulations have not yet
reached the system sizes necessary to perform a reliable
finite size scaling analysis at a critical point. For general
systems and parameter regimes, the exponential scaling
of these techniques (due to an exponential growth of the
Hilbert space or the fermionic sign problem) makes it pro-
hibitively expensive to directly simulate large systems.
Diagrammatic multi-scale approaches [7–10] offer an
elegant potential remedy to this problem: the diffi-
cult correlated part of the system is solved using a
non-perturbative many-body method, whereas ‘easier’,
‘weakly correlated’ parts of the problem are subsequently
tackled in a perturbative scheme. As perturbation the-
ory generically fails near criticality, it is a priori unclear
if such a method can accurately describe the behavior
near critical points. A first application to the critical
properties of the antiferromagnetic phase transition in
the 3d Hubbard model in terms of the dynamical ver-
tex approximation (DΓA) [7] has appeared in [11]. This
calculation, however, was not fully self-consistent at the
two-particle level and required an additional rescaling of
the two-particle vertex functions of DΓA introduced in
[12, 13], resulting in a Gaussian description of the spa-
tial fluctuations characterized by anomalous dimension
η = 0 [11]. The 3d Hubbard model in the infinite in-
teraction strength limit undergoes a continuous classical
(i.e. finite temperature) phase transition which is in the
universality class of the φ4-theory. The spatial correla-
tions at criticality thus are characterized by η ≈ 0.03 [14]
close to the Gaussian limit η = 0, which makes it difficult
to test if the correct non-mean field spatial behavior of
the interacting system is captured faithfully.
In this letter we present results for the phase dia-
gram and criticality of a simple fermionic model ob-
tained from a multi-scale method that is able to describe
non-Gaussian critical behavior. Our multi-scale method
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2is the single-site DMFT combined with a dual fermion
(DF) approach [8], a diagrammatic expansion in terms
of the reducible DMFT vertices. This scheme has pre-
viously been shown to have a faster convergence than
regular lattice perturbation theories, as it has a small pa-
rameter in both the weak- and strong-coupling regimes
[15, 16]. The starting point of the dual fermion expansion
is the non-perturbative DMFT expression for the lattice
Green’s function [8] and it does not require an a poste-
riori renormalization of vertex functions. We focus on
the half-filled Falicov-Kimball (FK) [17] model in two,
three and four dimensions. This model arises in vari-
ous contexts ranging from binary alloys to charge order
in intermediate-valence systems and is frequently used
to study phase transitions [5]. We choose this model
because of its continuous phase transition which at infi-
nite interaction strength is described by a φ4-theory with
a Z2 order parameter [18] which leads to strongly non-
Gaussian spatial fluctuations in 2d encoded in η = 1/4;
and because of its numerical tractability at the DMFT
level [5].
Our results show that non-Gaussian critical behavior
in the vicinity of a phase transition and critical exponents
can be extracted reliably from diagrammatic multi-scale
simulations, thereby enabling the use of these methods
in more general and more demanding contexts.
Model and Method We consider the FK model in d
dimensions with two types of electrons: ‘heavy’, ‘fixed’
f electrons characterized by a level energy d and the
operators f (†) and ‘light’, ‘mobile’ conduction electrons
described by the operators c(†) with the dispersion of the
hypercubic lattice k = −2t
∑d
j cos kj :
Hˆ =
∑
k
εkc
†
kck +
∑
i
εdf
†
i fi + U
∑
i
c†i cif
†
i fi, (1)
where U is the interaction strength between c and f elec-
trons. Throughout this paper we will use t = 1 as unit
of energy.
Within DMFT, the solution of the lattice problem is
approximated by a numerically tractable local impurity
problem with an effective self-consistently determined hy-
bridization function ∆ω. The action of the lattice prob-
lem (1) in imaginary time is S =
∑
Simp[c, c∗, nf ] −∑
ωk (∆ω − εk) c∗ωkcωk, where the impurity action Simp
reads:
Simp[c, c∗, nf ] =
∑
ω
(∆ω − iω − µ) c∗ωcω+
+ β(εd − µ)nf + Unf
∑
ω
c∗ωcω. (2)
Here cω, c
∗
ω are conduction electron fields at the impu-
rity site, nf = 0, 1 is a classical variable representing the
local occupation number of f -electrons and β = T−1 is
the inverse temperature. The solution of the single im-
purity problem (2) can be obtained analytically [19], and
Figure 1. Estimate for the Fermi energy density of states
A(0) ∼ −βGloc(β/2)/pi of c-electrons at ε = εF in 2d, (inset:
3d) as a function of U and T at half-filling. Solid line Tc(U)
indicates a phase transition to the checkerboard ordered phase
(CDW). Above Tc the model shows a crossover from a metallic
phase to the isotropic insulator.
in the infinite coordination number limit DMFT yields
exact expressions [20, 21] for the Green’s and vertex func-
tions. We denote the Green’s function of the interacting
impurity problem as gω = −〈cωc∗ω〉. The hybridization
function ∆ω is set by taking gω equal to the local part of
the lattice Green’s function gω =
∑
kG
DMFT
ωk . In the FK
model, the coupling of the itinerant c-electrons to the
classical f -electrons leads to a separation of the static
and dynamic response functions [22], and to a simplified
two-frequency (rather than three-frequency) dependence
of the two-particle Green’s function χωω′ = 〈cωc∗ωcω′c∗ω′〉.
Moreover, the higher order (three-, four-particle . . . ) im-
purity vertex functions vanish in the particle-hole sym-
metric regime of the model (see derivation in supplemen-
tary material). In the finite dimensional case considered
here, DMFT is an approximation and yields a set of
mean-field exponents for the charge-ordering transition
[5].
We then apply our multi-scale dual fermion method to
obtain non-local correlations. Following Ref. 8 we intro-
duce a set of dual fermions ξ, ξ∗ and integrate out the
original degrees of freedom to rewrite the action of the
original lattice problem (1) as
S˜ = −
∑
ωk
ξ∗ωk
[
G˜0ωk
]−1
ξωk − 1
2
∑
ωω′j
γωω′ξ
∗
ωiξωiξ
∗
ω′iξω′i. (3)
Here γωω′ = g
−2
ω [χωω′ − gωgω′ ] g−2ω′ is the reducible two-
particle vertex of the DMFT impurity problem (2) and
G˜0ωk = G
DMFT
ωk − gω denotes the bare dual fermion
Green’s function.
The dual fermion self-energy is constructed from the
reducible DMFT impurity vertex functions. The sum-
mation of all of vertex diagrams generates the exact lat-
tice solution but cannot be performed in practice. At
this point we therefore resort to a ladder approximation
and express the connected part of the dual two-particle
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Figure 2. (a) Inverse of static c-electron charge susceptibility
in d = 2, 3, 4 as a function of T − Tc at U = 14. (b) Critical
exponent γ in d = 2, 3, 4 at different values of U for U > U∗.
Lines: prediction for Ising universality class, γ = 1.75 in 2d,
1.24 in 3d, 1 in 4d. Error bars represent regression errors.
(c) Critical temperatures of the charge ordering transition
in d = 2, 3, 4 for different values of U . Solid lines: DMFT,
dimensions indicated on graph. Lines with heavy symbols:
ladder DF. Light symbols: Monte-Carlo of Refs [24, 25].
Green’s function as
Γ˜ωω′(q) = γωω′ −
∑
ω′′
γωω′′
∑
k
G˜ω′′kG˜ω′′k+qΓ˜ω′′ω′(q).
(4)
Its zero-order approximation (G˜ = G˜0) results in DMFT
expressions for both the Green’s function and the charge
susceptibility of the system (see Ref. 23 and supplemen-
tary information). The dual fermion self-energy Σ˜ωk is
obtained from Γ˜ωω′(q) via
Σ˜ωk =
∑
q
Γ˜ωω(q)G˜ωk+q. (5)
Eq. (4) and (5) are solved self-consistently. This allows
for non-mean field critical exponents, whereas a finite
subset of the diagrams does change Tc but only results in
mean field exponents (see Supplementary and Ref. [26]).
The full lattice Green’s function Gωk and the lattice two-
particle vertex Γωω′kk′(q) can be obtained from G˜ωk and
Γ˜ωω(q) via Gωk = (∆ω − εk)−1 + g−2ω (∆ω − εk)−2G˜ωk
and Γωω′kk′(q) = LωkLωk+qLω′k′Lω′k′+qΓ˜ωω′(q), where
Lωk = [1−Σ˜ωkgω]−1. The static lattice c-electron charge
susceptibility becomes χcc(q) = −T
∑
ωkGωkGωk+q +
T
∑
ωω′
∑
kk′ GωkGωk+qΓωω′kk′(q)Gω′k′Gω′k′+q.
Results We present the phase diagram of the half-
filled FK model on 2d and 3d cubic lattices obtained
in the isotropic phase of the model in Fig. 1. Shown
is our estimate for the c-electron density of states at
ω = 0 obtained from the DF calculation as A(ω = 0) ∼
−βGloc(β/2)/pi. We find three different phases: below
Tc (indicated by the solid line) a checkerboard charge-
ordered state exists for all values of U ; above Tc the
isotropic metallic non-Fermi liquid state [27] for low U
and a disordered Mott-like insulating state for large U
are separated by a crossover with a characteristic energy
scale U∗ indicated by a dashed line in Fig. 1. At U > U∗
 0.25
 0.5
 1
 0.0025  0.05
ξ c-
1
T-Tc
U=14.0
2d
3d
4d
25x0.96
11x0.63
10x0.52
-1
-0.75
-0.5
-0.25
 0
 5  10  15  20
-
ν
U
DF 2d
DF, 3d
DF, 4d
DMFT
-2
-1
 0
 1
 2
 3
 0  2  4  6  8  10
χ c
c(r
)
r
2d
U=14.0
T=0.122
∝e-r/ξc
χx
χxy
 20
 40
0 pi/2 pi 3pi/2 2pi
χ c
c(k
)
kx
χ(kx, pi)
(a) (b) (c)
Figure 3. (a) χcc as a function of distance (top) along the x
and xy direction, for U = 14 and T = 0.122. Dashed line: ex-
ponential envelope of χcc. Bottom: data and fit to Lorentzian
in momentum space for same parameters. (b) Inverse corre-
lation length ξ−1 and power law fit as a function of T − Tc
at U = 14, for d = 2, 3, 4. (c) Correlation length exponent
ν for d = 2, 3, 4 along with theoretical predictions for the
Ising model (dashed lines) and DMFT results (solid line) as
a function of U for U > U∗.
a gap in the spectrum is present for all temperatures and
the kinetic energy of the conduction electrons is small
compared to the potential energy and the phase transi-
tion is of second order. At U < U∗ Monte Carlo sim-
ulations on finite-size clusters [24, 25] report first-order
coexistence, whereas DMFT finds an unconventional con-
tinuous phase transition [28, 29].
In Figs. 2 and 3 we analyze the critical behavior of the
continuous transition at U > U∗. In Panel 2a we show
the inverse of the static checkerboard q = (pi, pi, . . .) c-
electron susceptibility χcc on approach to the charge or-
dering phase transition in 2, 3 and 4 dimensions as ob-
tained from our DF calculations. The divergence of χcc
indicates a phase transition to the checkerboard charge-
ordered phase, which occurs at half-filling. We find power
law behavior for about two decades in T − Tc and χ−1cc ,
allowing us to fit the critical exponent γ with good con-
fidence. Panel 2b shows the evolution of γ as a function
of U along the second order line. We observe a signifi-
cant dimensionality dependence of γ and an agreement
with the Ising universality class (of the respective dimen-
sion) within error bars for the entire range U > U∗. Our
error bars reflect the least square fitting uncertainty for
the exponents. In panel 2c we show the critical temper-
ature of the phase transition in different dimensions as
obtained by Monte-Carlo simulations [24, 25] (obtained
on finite-size clusters), DMFT and dual fermions. Non-
local correlations in the system lead to a decrease of the
critical temperature from the overestimated DMFT val-
ues towards the Monte Carlo values. The DF improves
on the DMFT for all interaction values studied. The dif-
ference between the dual fermion Tc and the true transi-
tion temperature is determined by all the diagrams not
included in the DF approximation.
In Fig. 3a we show the spatial dependence of χcc along
the x (open black symbols) and the xy (solid blue sym-
4Figure 4. (a) fc occupancy nfc (solid lines) and local density
of states (DOS) estimate −βGloc(β/2)/pi (dashed lines) in
2d as a function of U in DMFT and DF, both showing a
smooth crossover from metal to Mott-like insulator. Bottom:
Momentum-resolved −βGk(β/2) for U = 4.0 (b) and U =
1.0 (c), as obtained in DF (main panel) and DMFT (insets).
Black dots indicate the mesh points on which DF and DMFT
are evaluated.
bols) directions. The spatial modulation of χcc shows
checkerboard ordering, indicated by a change of sign of
susceptibility in x-direction. The data is consistent with
an exponential decay corresponding to a Lorentzian in
momentum space (lower panel), so that we can extract a
correlation length ξ. Fig. 3b shows the critical behavior
of ξ as a function of T at U = 14, which in agreement
with Fig. 2b shows a strong dimensionality dependence.
The corresponding critical exponent ν, plotted in Fig. 3c
as a function of U , shows reasonable agreement with the
Ising exponents for the entire range of U .
As all critical properties are obtained from the effec-
tive action and its derivatives, scaling relations are ex-
pected to hold. From γ and ν one therefore can extract
the value of η = 2 − γ/ν (0.25 in 2d, 0.03 in 3d), high-
lighting the correct description of non-Gaussian spatial
fluctuations at the phase transition. This result is more
general: in the Hubbard model, vertex functions will ac-
quire additional dynamic components, which are absent
in the Falicov-Kimball model. However, due to the de-
coupling of statics and dynamics at a classical phase tran-
sition [30], critical exponents only depend on the lattice
dimension and the order parameter symmetry and are in-
sensitive to the dynamics of the underlying microscopic
model [31]. Correct critical exponents for the Hubbard
model may be obtained from an analogous calculation
using only static vertex components. In contrast, non-
universal quantities (e.g. Tc) will depend on dynamic
vertex parts and require a more extensive analysis.
We now turn to a discussion of the electronic properties
that underlie this behavior. Fig. 4 panel (a) shows the
local fc occupancy nfc = 〈c†cf†f〉loc in 2 dimensions and
our estimate for the local density of states as a function
of U near the crossover between metallic and insulating
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Figure 5. (a) Transition temperature Tc and (b) average oc-
cupation number of c-electrons at T = Tc as a function of
c-electron chemical potential in 2d at U = 4 at an average
f electron occupation number of nf = 1/2; 3/5; 3/4. DMFT
results: open symbols. DF: filled symbols.
states at T > Tc. DMFT calculations [29] showed contin-
uous crossover behavior and no hysteresis for both quan-
tities. Non-local correlations do not change this behavior
qualitatively, but we find that the crossover scale U∗ is
slightly smaller than in DMFT. We also find, consistent
with expectation, that deviations from the DMFT results
are largest near the point where the curve is closest to
the phase transition to the ordered state and critical phe-
nomena become important. Away from this region, DF
and DMFT results are remarkably similar and non-local
correlations appear less important.
The momentum-resolved spectral function estimates
shown in panel (b) and (c) of Fig. 4 highlight this further.
DF (main panels) and DMFT (insets) DOS at the Fermi
energy are shown as a function of momentum for U = 4
and U = 1. The temperature is chosen to be just above
Tc for U = 4. The weak correlation regime deep within
the phase at U = 1 is well captured by the momentum-
independent DMFT self energy. Near Tc at U = 4, the
deviations between the DF and DMFT solutions become
substantial. DMFT shows a comparatively large and k-
independent spectral function in a large area around the
non-interacting Fermi surface. DF, in contrast, exhibits
a much narrower and non-trivial momentum dependent
spectral function that suppresses the density of states
near the (pi, 0) and (0, pi) points but not near the zone
diagonal (pi/2, pi/2) points. This behavior is expected be-
cause a divergence in the two-particle propagator feeds
back into the single-particle Green’s function through
Eq. (5). The effect is reminiscent of the momentum-
selective pseudogap regime in the Hubbard model, where
both short ranged correlations contained in, e.g., cluster
DMFT [32] or long ranged correlations contained in DF
and DΓA calculations [13, 15, 16] result in qualitatively
similar behavior.
The charge order phase transition in this model per-
sists away from half filling [33]. Fig. 5a shows Tc as a
function of c-electron chemical potential for three differ-
ent f -electron concentrations. We find that doping sup-
presses Tc both in DMFT (open symbols) and DF (filled
5symbols), with the DF Tc always below DMFT. Panel (b)
shows the evolution of the c-electron density as a function
of c-electron chemical potential at Tc. The large differ-
ence between DF and DMFT results is a consequence of
correlation effects absent in DMFT.
Summary In conclusion, we have applied the ‘dual
fermion’ diagrammatic multi-scale method to an interact-
ing quantum many-body system. We demonstrated that
our dual fermion ladder approximation recovers the ex-
act interacting critical behavior in d = 2, 3, 4 dimensions
and that diagrammatic multi-scale methods can yield ac-
curate results for the criticality of interacting fermionic
lattice models. We also showed that the method provides
valid results away from particle-hole symmetry. It may
therefore be able to provide accurate predictions for more
complicated (and in particular frustrated) models [34],
where no reliable theoretical tools are available so far, as
well as for transport properties near and far from equi-
librium [35, 36]. It also motivates the use of multi-scale
methods to gain insight into critical phenomena that are
far less clear, such as the superconducting transition in
the cuprates [37] and the quantum melting of magnetism
in certain heavy fermion compounds [38], where many
continuous quantum phase transitions appear to be be-
yond the traditional classification scheme [39, 40].
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In this supplement we
• Refine the analytical solution of the single impurity DMFT problem, give expressions for the two-particle
reducible vertex function and provide evidence for the vanishing of the reducible three-particle vertex function
of the impurity problem.
• Solve the dual perturbation theory in the ladder approximation (S2).
• Show the equivalence between the ladder approximation for the dual fermion vertex in the bare approximation
for the Green’s function and the standard DMFT vertex expression. (S3)
• Compare static lattice susceptibility obtained by a ladder and the second-order dual fermion approximations.
(S4)
S1. Green’s functions and reducible vertices of the effective DMFT impurity problem
In this section we briefly repeat the solution to the single-impurity problem (Eq. 2 in the main text) previously
given in Refs. [SS1] and [SS2] and provide the expressions for the single-, two- and three-particle Green’s functions
and corresponding reducible vertex functions. The action of the problem reads:
Simp[c, c∗, nf ] =
∑
ω
(∆ω − iω − µ) c∗ωcω + β(εd − µ)nf + Unf
∑
ω
c∗ωcω, (S.1)
where c, c∗ labels conduction electrons and nf = 0, 1 the occupation number of heavy electrons. ∆ω is the hy-
bridization function. The partition function is Z = Trnf
∫ DcDc∗ exp(−Simp[c, c∗, nf ]) = Znf=0 + Znf=1, where
Znf =
∏
ω
∫ DcωDc∗ω exp [(Knfω )−1c∗ωcω] and
K
nf=0,1
ω = [iω + µ−∆ω − Unf ]−1 . (S.2)
An average value of an operator O with the action (S.1) is represented as a weighted average of two Gaussian problems:
〈O〉imp = w0〈O〉0 + w1〈O〉1, (S.3)
where 〈O〉f=0,1 = Z−1j
∫ DcDc∗O exp(−Simp[c, c∗, w = f ]) and wnf = Znf /Z.
The complete interacting Green’s function of the impurity reads:
gω = −〈cωc∗ω〉imp = w0K0ω + w1K1ω (S.4)
The self-energy of the impurity is
Σω = (K
0
ω)
−1 − g−1ω = w1U
K1ω
gω
. (S.5)
where we used K1ω −K0ω = UK0ωK1ω.
The two-particle Green’s function of the impurity is
χ1234 = 〈c1c†2c3c†4〉imp S.3=
∑
nf=0,1
wnf 〈c1c†2c3c†4〉nf =
∑
nf=0,1
wnf (δ12δ34K
nf
1 K
nf
3 − δ23δ14Knf1 Knf3 ), (S.6)
8where the shorthand notation 1 = iω1, 2 = iω2, . . . was used. Since 〈〉nf is an average over a Gaussian ensemble Wick’s
theorem applies. The frequency dependence of the two-particle Green’s function is simplified to only two independent
frequencies.
The reducible vertex function is the connected part of the Green’s function. For each of the components obtained
by Wick’s theorem it reads
γ¯12 = g
−1
1 g
−1
2 Γ¯
(4)
12 g
−1
2 g
−1
1 (S.7a)
Γ¯
(4)
12 =
∑
nf
wnfK
nf
1 K
nf
2 − g1g2 (S.7b)
Substituting (S.4) into the last equation we arrive at γ¯12 = w0w1U
2(Λ1Λ2), where
Λω =
K0ωK
1
ω
g2ω
. (S.8)
For the static component ω1 = ω2 both parts of χ obtained from Wick’s theorem will contribute. The complete
two-frequency dependent vertex function then reads
γωω′ = w0w1U
2(ΛωΛω′ − δωω′Λ2ω). (S.9)
The simplified frequency structure of γωω′ that obeys Wick’s theorem leads to a change of the prefactor to 1/2 (as
opposed to 1/4 in the expression for the dual action [Eq. 3 in the main text] of the Hubbard model [SS3]). This is
understood in the following way: consider the term
∑
1234 γ1234f
∗
1 f2f
∗
3 f4 in the dual action. Using Wick’s theorem it
reads∑
1234
γ1234f
∗
1 f2f
∗
3 f4 =
∑
13
γ13δ12δ34f
∗
1 f1f
∗
3 f3 −
∑
12
γ12δ13δ24f
∗
1 f3f
∗
3 f1 = 2
∑
13
γ13δ12δ34f
∗
1 f1f
∗
3 f3, (S.10)
where we relabeled 2↔ 3 in the second sum.
The same considerations as used above for two-particle correlators can be applied for obtaining higher-order Green’s
function and vertex functions. The three particle Green’s function is a sum of 3! = 6 equivalent contributions that
are obtained from each other by reshuffling the indices. We consider one of them, g123 =
∑
nf
wnfK
nf
1 K
nf
2 K
nf
3 . The
expression for the third-order vertex function reads:
Γ¯
(6)
123 = g123 + 2g1g2g3 − g1χ23 − g2χ13 − g3χ12 (S.11a)
γ¯
(6)
123 = g
−1
1 g
−1
2 g
−1
3 Γ¯
(6)
123g
−1
3 g
−1
2 g
−1
1 . (S.11b)
With the previously obtained expressions (S.4) for g and (S.6) for χ and using the following algebraic relations
2w20w1 − w0w1 = −(2w21w0 − w0w1) = w0w1(w0 − w1)
w0 − 3w20 + 2w30 = −(w1 − 3w21 + 2w31) = −w0w1(w0 − w1),
one arrives at the following expression:
Γ
(6)
123 = w0w1(w0 − w1)U3K01K11K02K12K03K13 , (S.12)
and thus
γ
(6)
123 = w0w1(w0 − w1)U3Λ1Λ2Λ3. (S.13)
At half-filling w0 = w1 = 1/2 the three-particle reducible vertex function therefore vanishes.
S2. Dual fermion perturbation theory in the ladder approximation for the vertex
In this section we solve the dual perturbation theory in a ladder approximation for the vertex (Eq. 4 in the main
text):
Γ˜12(q) = γωω′ −
∑
ω′′
γωω′′
∑
k
G˜ω′′kG˜ω′′k+qΓ˜ω′′ω′(q), (S.14)
9where G˜ωk is the dual fermion Green’s function and reducible two-particle vertex γωω′ is introduced in the previous
section. Diagrammatically this Bethe-Salpeter equation is represented as:
= + · · ·
1 1 12 2 2
, (S.15)
where every closed loop of arrows carries a −1 sign. With the help of the bare dual fermion bubble χ˜0ω(q) =
−∑k G˜ωkG˜ωk+qthe equation (S.14) is rewritten as:
Γ˜12(q) = γ12 +
∑
3
γ13χ˜
0
3(q)Γ˜32(q), (S.16)
This equation can be solved directly using the matrix inversion, Γ˜ = [1 − γχ˜0]−1γ . It can be further simplified
with the help of expression (S.9) for the reducible two-particle vertex, γ12 = w0w1U
2(Λ1Λ2 − Λ1Λ1δ12) is used. The
procedure is equivalent to the iterative solution of the DMFT irreducible vertex [SS2]. Substituting (S.9) into (S.16)
one obtains
Γ12(q) =
w0w1U
2Λ1(Λ2 − Λ1δ12)
1 + w0w1U2Λ21χ˜
0
1(q)
+
w0w1U
2Λ1
1 + w0w1U2Λ21χ˜
0
1(q)
∑
3
Λ3χ˜
0
3(q)Γ32(q) (S.17)
Multiplying (S.17) by
∑
1 Λ1χ˜
0
1(q) and denoting φω(q) = w0w1U
2Λω/
(
1 + w0w1U
2Λ2ωχ˜
0
ω(q)
)
and B(q, T ) =∑
ω φω(q)Λωχ˜
0
ω(q) one arrives at the algebraic equation for ξω(q) =
∑
ω′ Λω′ χ˜
0
ω′(q)Γω′ω(q):
ξω(q) = B(q, T )Λω − φωΛ2ω(q)χ˜0ω(q) +B(q, T )ξω(q), (S.18)
which gives
Γ12(q) = φ1(q)
Λ2 − Λ1δ12 +B(q, T )Λ1δ12 − φ2(q)Λ22χ˜02(q)
1−B(q, T ) . (S.19)
S3. DMFT vertex relation
Eq. (S.19) represents the reducible dual fermion vertex within the ladder approximation (S.15). At the level of
DMFT, this expression formally also gives the lattice vertex of the static charge susceptibility (with G˜ωk replaced
by GDMFTωk − gω) [SS4]. To demonstrate the equivalence of formula (S.19) to the analogous expression obtained by a
skeleton expansion of the impurity self-energy (see Table I of Ref. [SS2]) we first show that the quantities have the
same denominators and, consequently, equal critical temperatures and exponents. The divergence of the vertex (S.14)
occurs when the quantity B(q, T ) =
∑
ω φω introduced in the previous section, equals 1. In Ref. [SS2], the analogous
quantity reads:
BDMFT(q, T ) =
∑
ω
w0w1U
2g3ωηω(q)
(1 + gωΣω)(1 + gω(Σω − U)) [ηω(q)gω(1 + gω(2Σω − U)) + (1 + gωΣω)(1 + gω(Σω − U))]
(S.20a)
ηω(q) =gω
[
−g−2ω − (χ(0),DMFTω (q))−1
]
= gω
−g−2ω +
(∑
k
GDMFTωk G
DMFT
ωk+q
)−1 (S.20b)
We first note that at the DMFT level when G˜ωk = G
DMFT
ωk − gω, the bare dual bubble can be written as χ˜(0)ω (q) =
χ
(0),DMFT
ω (q) + g2ω, so that ηω(q) = −g−1ω
[
χ
(0),DMFT
ω (q)
]−1
χ˜
(0)
ω (q). In addition, the following relation holds:
(1 + gωΣω)(1 + gω(Σω − U)) = g2ω(K0ωK1ω)−1 = Λ−1ω . (S.21)
10
Eq. (S.20a) can be rewritten as
BDMFT(q, T ) =
∑
ω
−w0w1U2Λ2ωχ˜(0)ω (q)g2ω
−(1 + gω(2Σω − U))Λωχ˜(0)ω (q) + χ˜(0)ω (q)− g2ω︸ ︷︷ ︸
χ
(0),DMFT
ω (q)
. (S.22)
For the denominator we use
(1 + gω(2Σω − U))Λω − 1 = g−2ω (w0(K0ω)2 + w1(K1ω)2) − 1 = g−2ω (g2ω + w0w1(K1ω −K0ω)2) − 1 = w0w1U2Λ2ωg2ω.
Thus
BDMFT(q, T ) =
∑
ω
w0w1U
2Λ2ωχ˜
(0)
ω (q)
1 + w0w1U2Λ2ωχ˜
(0)
ω (q)
, (S.23)
which equals B(q, T ) introduced in the previous section.
The static charge susceptibility of conduction electrons within our approach is obtained as χDMFTcc (q, T ) =
T
∑
ω χ
(0),DMFT
ω (q) + T
∑
ωω′ χ
(0),DMFT
ω (q)Γ˜ωω′(q)χ
(0),DMFT
ω (q). The equivalence of this formula and the expression
for χcc(q) in Table I of Ref. [SS2] has also been checked numerically.
S4. Comparison between ladder and second-order dual fermion approximations
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Figure S1. Inverse of static c-electron charge susceptibility in 2d as a function of T at U = 8, 12, 16 obtained within DMFT,
ladder dual fermion approximation (S.14) and the second order dual fermion approximation (Eq. (S.14) truncated at the first
iteration). The self-consistent evaluation of the second order dual fermion correction changes the amplitude and, consequently,
Tc, but not the critical exponent as compared to the DMFT. The self-consistent summation of the dual fermion ladder results
in the non mean-field critical exponent.
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